We employ a geometric approach to analytically solving equations of constraint on the decay of top quarks involving leptons at hadron colliders. Neutrino momentum is found as a function of the 4-vectors of the associated b quark and charged lepton, the masses of the top quark and W boson, and a single parameter, which constrains it to an ellipse. The measured imbalance of transverse momenta in the event helps to reduce the solution for neutrino momenta to a discrete set for the cases of one or two top quarks decaying to leptons. The solutions can be implemented concisely with common linear algebra routines.
Introduction
Top quark reconstruction at hadron colliders from channels containing one or more top quark decays to leptons presents a challenge since the longitudinal momentum of the colliding system is unconstrained and the neutrinos are not directly observed. The sum of neutrino momenta in the plane transverse to the beam axis is inferred from the total momentum imbalance. For a single neutrino final state, constraining the invariant mass of the neutrino and associated charged lepton to the W boson mass provides a quadratic equation for the unmeasured longitudinal component of neutrino momentum, with zero solutions, or two solutions which can be further resolved by application of additional invariant mass constraints. Since the total momentum imbalance frequently has the worst resolution of all constraints on the top quark decay, we suggest an alternative approach to analytic top quark reconstruction in which the invariant mass constraints from top quark and W boson are both exact, and in which the solution set for each neutrino momentum is an ellipse. For events with a single neutrino, the ellipse is analytically reduced to a unique solution by application of the transverse momentum imbalance constraint, taking its uncertainty into account. The approach extends naturally to the case of two neutrinos in the final state, allowing an alternative method for calculating the solution pairs previously described by [1, 2, 3] , and suggests a most likely pair in the case of no exact solution. The methods described perform well for simulated Tevatron and LHC events. These results may also be useful in the case of top quark decay to three quarks, where one of the quarks from the decay of the intermediate W boson falls outside experimental acceptance.
Derivation
The kinematics of top quark decay constrain the W boson momentum vector to an ellipsoidal surface of revolution about an axis coincident with bottom quark momentum. Simultaneously, the kinematics of W boson decay constrain the W boson momentum to a paraboloidal surface of revolution about an axis coincident with the momentum of the resulting charged lepton. The intersection of the two surfaces is an ellipse. The neutrino momentum is consequently constrained to a translation of the ellipse, for which a parametric expression in the laboratory frame is given. Measurement of the transverse momentum imbalance further constrains the cases of one and two neutrinos (from a pair of top quarks) to a discrete solution set.
Definitions
A particle p is described by its mass Pm, energy Pe, and momentum 3-vector Pp, with the dispersion relation
The azimuthal and polar angles of p in the laboratory frame are denoted P φ and P θ . For definiteness we consider the decay chain t → bW → bµν; a top quark (T ) decays to a bottom quark (B) and a W boson (W ), with subsequent decay of the W boson to a muon (µ) and a neutrino (ν). We assume established masses Tm, Bm, Wm, for example from world average measurements [4] , and negligible mass for the neutrino and muon. Energy and momentum conservation for this system imply Te = Be + We = Be + µe + νe Tp = Bp + Wp = Bp + µ p + νp.
Momentum coordinate systems F = (x,ỹ,z) and F = (x ,ỹ ,z ) are defined to share a common axisz =z , but F is rotated relative to F by the angle θBµ between Bp and µ p , with µ p along thex-axis, and Bp along thex -axis. The relationships between Cartesian and polar coordinates of Wp in F ( ) arẽ
where C ( ) is the cosine and S ( ) is the sine of the angle θµW (θBW ) between Wp and µ p (Bp). Figure 1 shows the coordinate systems.
Two surfaces for W momentum
Energy and momentum are conserved in the decay t → bW , hence
For compactness, define
Then
Incorporating relations (1) for the F coordinates, it is clear that Wp is constrained to the surface
which is an ellipsoid of revolution about thex -axis. Particle W subsequently decays to particles µ and ν. This decay has the same kinematics as the decay of T , with the substitutions B → µ, W → ν, T → W . Using F coordinates, νp is constrained to the surface
which is a paraboloid of revolution about thex-axis. A congruent surface of solutions for Wp is shifted from the neutrino solutions by µp inx,ỹ 2 +z
where for convenience we divided by µ 2 p and defined
Surfaces (3) and (4) are simultaneous constraints on Wp, so the solution set is their intersection. Figure 2 shows examples.
Extended Matrix Representation with Homogeneous Coordinates
The use of homogeneous coordinates r = ( x y 1 ) T or s = ( x y z 1 ) T allows extended matrix representation of various 2-or 3-dimensional geometric objects. The 1 × 3 row matrix L is the extended representation of the line Lr = 0. A 3 × 3 symmetric square matrix M is the extended representation of the conic section r T M r = 0. A quadric surface, like a paraboloid or ellipsoid, can be represented as a 4 × 4 symmetric square matrix A, with s T As = 0. Extended representations are unique up to a multiplicative factor, and allow both rotations and translations to be expressed by matrix multiplication [5, 6, 7] .
The paraboloid (4) is represented for homogeneous F coordinates with the matrix
The ellipsoid (3), divided by B 2 e , is represented for homogeneous F coordinates with the matrix
The transformation from homogeneous coordinates F to F is given by a rotation of θBµ around thez axis,
The ellipsoid (3) is represented in homogeneous F coordinates with the matrixÃ The projection of the intersection ellipse from + P is traced in light gray dashes, while the corresponding ellipse of neutrino transverse momenta solutions is solid black. The measured imbalance in total transverse momentum and its uncertainty are shown by × and the encircling dots. The neutrino transverse momentum solution most compatible with the measurement is shown by the unfilled arrow. All panels are marked in units of 100 GeV/c. Table 1 : Factorizations of the degenerate conic section r T Gr = 0 into two lines L ± r = 0, for various cases. The elements of g are the cofactors of G. Numerical stability can be achieved by swapping indices 1 ↔ 2 when necessary to enforce |G 11 | < |G 22 |, which also covers the cases G 22 = 0.
Intersections
The pencil P (λ) of quadrics A and A is defined as
Levin provides two theorems relevant to intersections of quadrics (and of conics) [8] . First, if A and A intersect, then all quadrics on their pencil share the intersection. Second, in the pencil of any two intersecting quadrics there exists a ruled quadric, parametrized by a family of lines, which can be used to parametrize the intersection curve. Good candidates for the ruled quadric are singular quadrics, which occur for λ equal to any real eigenvalue of A −1 A .
Two ellipses
For later reference, we document the general solution for the intersection of two ellipses A and A . The degenerate conic G = A − λA , where λ is a real eigenvalue of A −1 A , can be factored as a symmetrized product of two lines
The factorizations for various conditions are listed in Table 1 . Points of intersection between a line Lr = 0 and a conic r T Ar = 0 are eigenvectors of their cross product
Since the homogeneous coordinates are defined to have a value of 1 in the third component, the eigenvectors must be scaled appropriately.
2.4.2Ã µ withÃ b
By inspection, the quadric P =Ãµ −Ã b is singular, since it has no dependence onz. The same degenerate quadric is described by P = P Be Bp
2
. Consider the translation transformation S given by
The translation of P is
which can be solved with the quadratic formula and translated back, showing that P is the pair of intersecting planesỹ
Only +P , the plane with positive slope, ever intersectsÃµ. In thez = 0 plane the two points of intersection areỹ
For Z 2 = 0 the two points coincide, and +P ,Ã b andÃµ are tangent, while for Z 2 < 0 the constraintsÃµ and A b are not consistent. Since any cross section of an ellipsoid is an ellipse, +P cutsÃ b in an ellipse where it intersectsÃµ. Since bothÃ b and +P are symmetric in ±z, the ellipse of intersection is symmetric in ±z, so its major axis is in the planez = 0, between points (x±,ỹ±, 0), and its minor axis is perpendicular toz = 0, between points (x1,ỹ1, ±Z). This ellipse has F coordinates parametrized by t,
The corresponding ellipse of solutions for the neutrino momentum has the F coordinates
Laboratory coordinates
The transformation of the laboratory frame to the F frame can be accomplished by the following series of rotations: rotate the lab frame around its z-axis by µ φ , so that µ p is in the x − z plane, and z = z, so all polar angles are unchanged; rotate the primed frame around its y -axis by µ θ − π 2
, so that µ p coincides with x ; rotate the double primed frame around its x -axis so that Bp is in thex −ỹ plane with Bỹ >= 0. The angle of the latter rotation, α, is equal to the principal value of the argument of (B y + B z √ −1). Noting that the rotation of the frame is equivalent to the opposite rotation of the vectors, the transformation from F coordinates to laboratory coordinates is the rotation
The set of neutrino momentum solutions are given in the laboratory coordinates by the parametric form
For homogeneous coordinates in the transverse plane, ν ⊥ = ( νx νy 1 ) T , the solutions are
The extended representation of the solution ellipse in the transverse plane is
which follows trivially given that t parametrizes the solution set of the unit circle U = diag 1 1 −1 . Given a solution ν ⊥ , the full neutrino momentum is
Transverse momentum constraint
The solution sets of neutrinos from decaying top quarks can be further constrained by the measured imbalance in transverse momentum of the colliding system ( x y ), which has a diagonalizable uncertainty matrix σ 2 . We treat events with one or two top quarks decaying to leptons.
Single neutrino in final state
The displacement between the measurement ( x y ) and the solution νp = Et is
The weighted square of the displacement is
Note that Σ 2 weights the components of the displacement according to the measurement uncertainty. A study of kinematic distributions of simulated neutrinos could motivate the use of a finite longitudinal uncertainty, rather than no longitudinal constraint.
We seek the neutrino solution with the minimum value of χ 2 . Differentiation of t with respect to t can be expressed as matrix multiplication,
The extrema of χ 2 occur at values of t such that
Since M is symmetric, t is a point on the conic described by M . Since t is also a point on the unit circle, solutions must be points on the intersection of M and U = diag ( 1 1 − 1 ). Refer to Section 2.4.1. We expect at least one minimum of χ 2 . Since χ 2 is cyclic, no more than 2 of at most 4 intersections can be minima, one of which is the global minimum we seek.
Two neutrinos in final state
Given two top quarks decaying to leptons, t → bνµ + andt →bνµ − , the respective elliptical solution sets for neutrino transverse momenta are given by Equation (20),
Since the measured components ( x y ) of transverse momentum imbalance are ideally just the sum of ν ⊥ and ν ⊥ components, they are related byν
Note that Γ = Γ −1 . We can rewrite theν ⊥ ellipse in terms of ν ⊥ ,
Solutions for ν ⊥ are on both ellipses N ⊥ andN ⊥ simultaneously. Refer to Section 2.4.1. There can be zero, two, or four intersections, discounting cases of tangency. Each intersection implies a solution pair (νp,νp), which can be found using Equations (21) and (26). Examples are shown in Figure 3 . If N ⊥ and N ⊥ do not intersect, Equation (27) is never satisfied, so the points of closest approach constitute the single solution pair most likely to result in the observed transverse momentum imbalance. The closest approach of ν ⊥ to the ellipse N ⊥ is often well-approximated by the extremum closest to zero of the function
where we have used the parametrization (19). Extrema of f occur for
which as in Section 2.6.1 is solved for t on intersections of the unit circle U with the conic described by M . Once ν ⊥ is known, the closest approach on N ⊥ is at one of its intersections with the line perpendicular to N ⊥ at ν ⊥ , given by ν ⊥ × (D 2 N ⊥ ν ⊥ ). Alternatively, least squares minimization of the distance between points on the ellipses is straightforward to implement using parametrization (19).
Summary
A top quark's momentum is constrained to an ellipsoidal surface defined by its invariant mass and the observable kinematic properties of the b quark produced in its decay. Its momentum is further constrained to a slice of that surface by the W boson invariant mass and the observed kinematic properties of either of the products from the decay of the intermediate W boson. The other decay product of the W is likewise constrained to an ellipse, for which we have given a parametrization. In the event that a single neutrino is produced from top quark decay, we have calculated the momentum on its elliptical solution set which is most likely to have produced the observed transverse momentum imbalance. In the event that two neutrinos are produced from distinct top Figure 3 : Arrows indicate the neutrino (black) and antineutrino (gray) laboratory transverse momenta, which are constrained to respective ellipses (solid) by the associated products of top quark decays, in three events. The dashed ellipse is an additional constraint on the neutrino momentum from the antineutrino constraints, under the hypothesis that the measured imbalance in transverse momenta (×) is equal to the sum of neutrino transverse momenta (•). Exact solutions occur at intersections of the black and dashed ellipses, and can number zero (left), two (center), or four (right). With no intersection (left), the single best solution pair is for points of closest approach on the black and dashed ellipses. Solution pairs are marked in matching shaped points on the respective ellipses. Panels are marked in units of 100 GeV/c. quark decays, we have shown a method to calculate the discrete solution set of momentum pairs which exactly produce the observed transverse momentum imbalance, or the solution pair most likely to have produced it if exact solutions do not exist. Due to the geometric nature of the constraints, their description is facilitated by the use of homogeneous coordinates and extended matrix representations. Algorithms for computing these solutions can be concisely implemented using common linear algebra routines. Such algorithms have been implemented by the authors in Python and C++ independently, and tested for LHC and Tevatron use cases. A reference implementation is available [9] .
